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A B S T R A C T

This study presents the novel peridynamic constitutive relations formulated in order to predict the plastic
deformation and damage evolution in irradiated materials. The plastic behaviour of the material in which
radiation induced defects contribute to the defined peridynamic porosity is described by the Gurson–Tvergaard–
Needleman (GTN) yield criterion with irradiation hardening. The definition of peridynamic porosity is proposed
as a volume of discontinuities created in the volume of peridynamic particles. The new constitutive relations
for irradiation hardening based on the dilatational part of elastic strain energy are formulated. The physical
relevance of coupling the porosity with the nonlinear irradiation hardening is discussed. The expressions for
the yield function, kinetics of evolution of radiation induced porosity, irradiation hardening and plastic flow
rule are derived in terms of the peridynamics variables. The peridynamic predictions are calibrated based on
the experimental data obtained during the advanced experimental campaigns dedicated to irradiated materials
to verify the validity of the proposed constitutive model. Ion irradiation campaigns were carried out to mimic
the effects of neutron irradiation. A series of indentation experiments were conducted to elucidate the effects
of material structure modification and assess the hardening effect originating from radiation defects.
1. Introduction

In many metallic materials, high plastic deformation is always
accompanied by ductile failure. The evolution of plastic strain fields in
materials subjected to applied stresses that exceed their yield strength
is directly related to the phenomenon of ductile damage. Plastic strain
induced damage is a cause of possible failure in structural components.
The reasons for failure can be multiple, fatigue damage accumulation,
corrosion, the pre-existing nano-, and microscopic material imperfec-
tions often act as starting point for material failure. The assessment
of damage generated in materials subjected to high neutron flux and
further evolution of the defects under mechanical loads is a major
challenge in technological domains connected to nuclear industries. In
polycrystalline metals, nano-defects in the form of clusters of voids,
clusters of interstitials, dislocation loops and helium bubbles are the
main sign of irradiation damage. Radiation induced defects interact
with the microstructure of the materials leading to a mechanical re-
sponse characterized by radiation hardening, increased yield strengths,
reduction in ductility, decreased total strain to failure and increased
embrittlement as compared to the unirradiated behaviour [1–4]. The
problem of the evolution of radiation-induced defects is particularly
important in the new generation of nuclear reactors, particle accel-
erators or detectors. It is known that the components subjected to
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radiation demand stable mechanical, thermal and structural properties
over a large temperature and neutron fluence range. Moreover, the
attractiveness of nuclear power as a present and future energy source is
driven by new concepts of advanced reactors that offer reliability. New
concepts include more aggressive environments, higher temperatures,
and greater levels of radiation damage. The material behaviour in
the radiative environment plays an important role and makes the
constitutive modelling of irradiation effect on mechanical properties a
subject of great importance [5–7]. The nature of the radiation induced
defects has a multiscale character. The radiation defects are induced by
the interaction of energetic incident particles with lattice atoms. At the
same time, their effects are manifested at the component (engineering)
level [2]. Prediction of the multiscale damage process before failure
is still a major challenge within the framework of classical mechanics.
The phenomenological continuum damage mechanics (CDM) enables
analysis of the damage development. Extensive studies based on the
concepts of the effective stress and mechanical equivalence between
the damaged and the undamaged material have been presented in the
last decade’s [8–13]. The micromechanical description of ductile failure
in metals and alloys during plastic deformation is generally identified
as the micro-voids nucleation, growth and coalescence [14–16]. The
investigations of ductile failure using Gurson–Tvergaard–Needleman
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(GTN) damage model are still developed [17–19]. However, in order
to recognize the physical mechanisms responsible for the behaviour of
metals and achieve an effective lifetime estimation, more research on
the analysis of damage initiation and evolution is needed.

Peridynamics (PD) is a novel theory proposed by Silling [20] based
on integral form for the equation of motion giving the possibility to im-
prove modelling of progressive failure in materials. Further, the theory
of peridynamics enables the solution of multi-physics and multiscale
problems. Due to this reason, peridynamics is often used to describe
the damage in ductile materials [21–23]. Further, PD belongs to the
nonlocal and meshless methods because it considers finite distance
interactions among the material particles [20]. Therefor, it is well
suited to problems related to crack propagation and failure [24–26].
It is worth pointing out that the classical local plasticity models are
mostly unsuitable for describing size-dependent plastic flow behaviour.
Due to this reason, the rapid development of nonlocal theories like
gradient plasticity with the advantage of including the direct-neighbour
interactions and non-neighbour interactions inside the material struc-
ture has occurred [27–30]. Nonlocal theories have been proposed in
order to model inhomogeneous plastic flow. Recently, a new approach
taking non-locality through fractional derivatives, which, by defini-
tion, require a certain neighbourhood to calculate their values has
been proposed. Sumelka and Nowak [31] applied the fraction operator
to the plastic flow rule in nonlocal anisotropic plastic model with
non-normality of plastic flow and volume change caused by plastic
deformation. Similar results have been obtained in [32], where the frac-
tional nonlocal viscoplasticity model with scalar damage, interpreted as
porosity, is proposed.

In order to obtain a complete description of damage evolution and
the final failure many numerical models use the so-called eXtended
Finite Element Method (X-FEM). Crété et al. [33] retained the X-FEM
method to describe the engineering materials’ failure resulting from
void initiation and growth. Although the X-FEM has found many prac-
tical applications, there are still open questions related to the choice of
reliable fracture criteria and the initial size of the finite element mesh.
In the meshless method the mesh is not required. Therefore, the damage
and resulting discontinuities can be introduced more naturally. The
detailed comparison of X-FEM and peridynamics methods is presented
in [34], highlighting their advantages and disadvantages. Peridynamics
gives new perspectives for solving physically-based multiscale prob-
lems and new possibilities for modelling of the evaluation of damage
generated in solids [35]. For modelling the evolution of material dam-
age in peridynamics, the failure criterion based on the critical value
of bond relative elongation for breakage was formulated by Silling
and Askari [21]. The criterion fulfilment determines the irreversible
break and the bond no longer sustains a force. Such an approach to
the failure problem can be successfully applied to brittle materials,
hence, the name of the material model is Prototype Microelastic Brittle
(PMB). It is worth pointing out, that even though the material is
isotropic at the beginning of the process, the history dependent failure
of bonds leads to anisotropy in successive deformation steps. Mandeci
and Oterkus [36] proposed a new formulation of damage modelling for
plastic deformation. They utilized the classical Huber–Mises–Hencky
(HMH) yield condition with isotropic hardening in the state-based
peridynamic method. In a similar way, a classical approach to plasticity
in terms of peridynamics is presented by Pashazad and Kharazi [37].
The modified form of kinematic hardening and the mixed of isotropic
and kinematic hardening is proposed. For this reason, the proposed
plastic model has been used to predict the behaviour of the material
subjected to cyclic loadings.

Along with the faster development of peridynamics, the question
arose whether the classical continuum constitutive models can be used
directly in peridynamics. Silling [38] proposed the so-called ‘‘PD cor-
responds material models’’ which provide a way to convert an already
developed continuum model in peridynamics framework. These models
2

use a shape tensor to convert peridynamics variables into stress and
strain measures. Tupek et al. [39] used the modified Johnson–Cook
constitutive model with damage evolution to analyse the failure in
the Taylor impact test which involves large deformation. Recently,
Hu et al. [40] utilized the classic GTN constitutive model in peri-
dynamics to study the ductile fracture in steel plate. The developed
model allowed the correct description of necking phenomena and
damage propagation during plastic deformation. More and more classi-
cal continuum materials models are incorporated in the peridynamics
framework, even though such an approach has some limitations and
drawbacks associated with instabilities [41]. For this reason, the model
presented in this work is based on the pure definition of vector states
of peridynamics theory. Such an approach allows the direct definition
of the new physical quantities and, in an efficient way, builds the new
variables into the constitutive model.

In this paper the peridynamic elasto-plastic damage model based
on the Gurson–Tvergaard–Needleman (GTN) yield condition for ion-
irradiated materials is proposed. The PD damage constitutive model
operating on the forces, deformation states and the elastic strain energy
decomposed into dilatational and distortional parts with a specific focus
on irradiation hardening is presented. The damage variable is defined at
the level of the peridynamic particle and characterized by a reduction
of effective force transmission capacity caused by the coupling effect of
the damage evolution and the bond elongation increment. The driving
force for porosity evolution is the rate of dilatation part of the plastic
stretch.

The paper is structured as follows, Section 2 introduces the fully
coupled pressure-dependent damage constitutive model. The consti-
tutive relations are derived in terms of the horizon, force density
and peridynamic strain energy density. In order to validate numerical
simulations the original experiments were carried out. The results of
the ion irradiation campaign are presented in Section 3. For the thin
ion-irradiated layers the nano-indentation technique has been adopted
in order to quantify the damage evolution reflected by the load–
displacement curves. In Section 4, the computational studies are carried
out and discussed.

2. Pressure-dependent damage constitutive model

The present Section is dedicated to a definition of peridynamic
constitutive relations. Moreover, the concept of the peridynamic elasto-
plastic damage model is proposed. Section 2.1 is partially dedicated
to a brief review of peridynamic theory (Eqs. (1)–(15)) formulated
by Madenci and Oterkus [36]. Moreover, in this Section new peri-
dynamic constitutive relations are formulated: the Gurson–Tvergaard–
Needleman (GTN) yield function in terms of peridynamics variables
(Eq. (11)), equivalent stress 𝑞(𝑘) (Eq. (17)) and pressure 𝑝(𝑘) (Eq. (18)).
The peridynamic porosity parameter is defined in Section 2.2. The irra-
diation induced hardening is defined in Section 2.3. The peridynamic
elasto-plastic model accounting the irradiation effects is formulated in
Section 2.4. In Section 2.5 the numerical solution procedure for the
elasto-plastic constitutive model is explained.

2.1. Peridynamics elasto-plastic relations

Peridynamics is a nonlocal theory, which for a given material
point takes into account the through-bonds interactions between all
material points located in its close neighbourhood. The size of the
neighbourhood is controlled by the horizon ℎ, which can be considered
as the length scale parameter. The equation of motion for state-based
peridynamics [38] is expressed in the form

𝜌(𝐱)�̈�(𝐱, 𝑡) = ∫𝐻

[

𝐭(𝐮 − 𝐮′, 𝐱 − 𝐱′, 𝑡) − 𝐭′(𝐮′ − 𝐮, 𝐱′ − 𝐱, 𝑡)
]

𝑑𝐻 + 𝐛(𝐱, 𝑡) (1)

where each material point is identified by 𝐱, 𝜌 is the density, 𝐮 denotes
the displacement vector, 𝐛 is the body force vector, 𝐭 is the force state

and 𝐻 defines a family region of neighbouring materials points. The
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Fig. 1. Peridynamics neighbourhood of the material point 𝑘 before and after applied deformation.
superscript prim denotes the quantities that are determined for the
neighbouring point. As shown in [36], the equation of motion (1) can
be expressed in discretized form as

𝜌𝑘�̈�𝑘 =
𝑛
∑

𝑗=1

[

𝐭(𝑘)(𝑗)(𝐮(𝑗) − 𝐮(𝑘), 𝐱(𝑗) − 𝐱(𝑘), 𝑡)

−𝐭(𝑗)(𝑘)(𝐮(𝑘) − 𝐮(𝑗), 𝐱(𝑘) − 𝐱(𝑗), 𝑡)
]

𝑉(𝑗) + 𝐛(𝑘) (2)

where lower subscript (𝑘) defines the material point and 𝑛 is the number
of materials points located in family region. 𝑉(𝑗) denotes the volume
associated with the point (𝑗). The family of material point before and
after deformation is shown in Fig. 1.

During deformation, any two material points 𝑘 and 𝑗 can change
their initial position and move to the new location. If the displace-
ment vectors of these points are different, the bond between them
stretches locally and the material can change its original shape (Fig. 1).
The stretch, 𝑠(𝑘)(𝑗), between material points 𝑘 and 𝑗 is defined in the
following form

𝑠(𝑘)(𝑗) =
|𝐲(𝑗) − 𝐲(𝑘)| − |𝐱(𝑗) − 𝐱(𝑘)|

|𝐱(𝑗) − 𝐱(𝑘)|
(3)

where 𝐲 denotes position vector in the current configuration. Next, the
peridynamic strain energy density at a material point 𝑘 can be written
as

𝑊(𝑘) = (𝑎𝜅 − 𝑎𝜇)𝜃2(𝑘) + 𝑏𝛿
𝑁
∑

𝑖=1
𝑠2(𝑘)(𝑗)|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗) (4)

where 𝜃(𝑘) is the dilatation term defined as

𝜃(𝑘) = 𝑑𝛿
𝑁
∑

𝑖=1
𝑠2(𝑘)(𝑗)|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗) (5)

The material parameters: 𝑎𝜅 = 1
2𝜅, 𝑎𝜇 = 5

6𝜇, 𝑏 = 15𝜇
2𝜋𝛿5 and 𝑑 = 9

4𝜋𝛿4

are expressed in terms of peridynamics horizon 𝛿 where 𝜇 denotes
the shear modulus and 𝜅 is the bulk modulus. Applying Eq. (3), the
dilatation takes the form

𝜃(𝑘) = 𝑑𝛿
𝑁
∑

𝑖=1
𝑠(𝑘)(𝑗)𝛬(𝑘)(𝑗)𝑉(𝑗) (6)

where 𝛬(𝑘)(𝑗) is defined in the following form

𝛬(𝑘)(𝑗) =
𝐲(𝑗) − 𝐲(𝑘)
|𝐲(𝑗) − 𝐲(𝑘)|

𝐱(𝑗) − 𝐱(𝑘)
|𝐱(𝑗) − 𝐱(𝑘)|

(7)

Following the concept presented in [36], the elastic strain energy can
be decomposed into dilatational and distortional parts as

𝑊 = 𝑊 𝜅 +𝑊 𝜇 , (8)
3

(𝑘) (𝑘) (𝑘)
where

𝑊 𝜅
(𝑘) = 𝑎𝜅𝜃

2
(𝑘) (9)

and

𝑊 𝜇
(𝑘) = 𝑏

𝑁
∑

𝑗=1
𝛿𝑠2(𝑘)(𝑗)|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗) − 𝑎𝜇𝜃

2
(𝑘) (10)

The force density vector expressed by the bond stretch can be obtained
by differentiating the elastic energy (Eq. (4)) with respect to the current
bond length |𝐲(𝑗) − 𝐲(𝑘)|

𝑡(𝑘)(𝑗) = (𝑎𝜅 − 𝑎𝜇)2𝛿𝑑
𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
𝜃(𝑘) + 2𝛿𝑏𝑠(𝑘)(𝑗) (11)

The force density vector (its magnitude) can also be decomposed into
distortional 𝑡𝜇(𝑘)(𝑗) and dilatational 𝑡𝜅(𝑘)(𝑗) terms as

𝑡(𝑘)(𝑗) = 𝑡𝜇(𝑘)(𝑗) + 𝑡𝜅(𝑘)(𝑗) (12)

Both terms of the force density vector can be expressed as a function
of stretch 𝑠(𝑘)(𝑗) and dilatation 𝜃(𝑘) in the following form

𝑡𝜅(𝑘)(𝑗) =
2𝛿𝑎𝜅𝑑𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
𝜃(𝑘) (13)

and

𝑡𝜇(𝑘)(𝑗) = 2𝛿𝑏𝑠(𝑘)(𝑗) −
2𝛿𝑎𝜇𝑑

|𝐱(𝑗) − 𝐱(𝑘)|
𝛬(𝑘)(𝑗)𝜃(𝑘) (14)

The decomposition of Hook’s law into two orthogonal states allows to
define distortional part of elastic energy in the following form

𝑊 𝜇
(𝑘) = 𝑏

𝑁
∑

𝑗=1
𝛿
(

1
2𝛿𝑏

𝑡𝜇(𝑘)(𝑗) + 𝑎𝜇
𝑑
𝑏

𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
𝜃(𝑘)

)2

|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗) − 𝑎𝜇𝜃
2
(𝑘)

(15)

The plastic behaviour of the material is described by the Gurson–
Tvergaard–Needleman (GTN) yield function formulated in terms of
peridynamics variables as follows

𝐹(𝑘) =

(

𝑞(𝑘)
𝜎𝑦(𝑘)

)2

+ 2𝑞1𝑓(𝑘) cosh

(

3𝑞2𝑝(𝑘)
2𝜎𝑦(𝑘)

)

− (1 + 𝑞3𝑓
2
(𝑘)) (16)

where 𝜎𝑦(𝑘) corresponds to the current yield stress, 𝑓(𝑘) is the porosity at
a material point 𝐱(𝑘).

The equivalent stress 𝑞(𝑘) and pressure 𝑝(𝑘) at a material point 𝐱(𝑘)
can be expressed in term of the dilatational and distortional parts of
the elastic energies, respectively, as follows

𝑞 =
√

6𝜇𝑊 𝜇 (17)
(𝑘) (𝑘)
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and

𝑝(𝑘) =
√

2𝜅𝑊 𝜅
(𝑘) =

√

2𝜅𝑎𝜅𝜃(𝑘) (18)

The total stretch can be decomposed into elastic and plastic part in the
following form

𝑠(𝑘)(𝑗) = 𝑠𝑒(𝑘)(𝑗) + 𝑠𝑝(𝑘)(𝑗) (19)

Similarly, the total dilatation can be split into elastic and plastic part
as

𝜃(𝑘) = 𝜃𝑒(𝑘) + 𝜃𝑝(𝑘) (20)

It is worth pointing out, that in the case of the pressure dependent
material model (GTN model) the plastic part of the dilatation can
naturally reach non-zero values 𝜃𝑝(𝑘) ≠ 0. Also, if the deformation of
the material is in the elastic range, 𝐹(𝑘) < 0, the force density vector
is computed according to Eq. (11). Otherwise, the following form of
plastic flow rule is adopted

𝛥𝑠𝑝(𝑘)(𝑗) =
1
𝑉𝑗

𝐶(𝑘)
𝜕𝐹(𝑘)(𝑝(𝑘), 𝑞(𝑘))

𝜕𝑡(𝑘)(𝑗)
(21)

where 𝐶(𝑘) is a positive proportionality constant. For the pressure-
sensitive yield function, it is convenient to express the flow rule
(Eq. (21)) in the following form

𝛥𝑠𝑝(𝑘)(𝑗) =
1
𝑉(𝑗)

𝐶(𝑘)

( 𝜕𝐹(𝑘)(𝑝(𝑘), 𝑞(𝑘))
𝜕𝑝(𝑘)

𝜕𝑝(𝑘)
𝜕𝑡(𝑘)(𝑗)

+
𝜕𝐹(𝑘)(𝑝(𝑘), 𝑞(𝑘))

𝜕𝑞(𝑘)

𝜕𝑞(𝑘)
𝜕𝑡(𝑘)(𝑗)

)

(22)

New variables are defined

𝛥𝑠𝑝𝑝(𝑘) = 𝐶(𝑘)
𝜕𝐹(𝑘)(𝑝(𝑘), 𝑞(𝑘))

𝜕𝑝(𝑘)
(23)

and

𝛥𝑠𝑝𝑞(𝑘) = 𝐶(𝑘)
𝜕𝐹(𝑘)(𝑝(𝑘), 𝑞(𝑘))

𝜕𝑞(𝑘)
(24)

where 𝛥𝑠𝑝𝑞(𝑘) and 𝛥𝑠𝑝𝑝(𝑘) denote the increments of plastic bound stretch.
The above Eqs. (23), (24) represent the distortion and dilatation part
of plastic deformation, respectively. The incremental plastic stretch can
be rewritten in the form

𝛥𝑠𝑝(𝑘)(𝑗) =
1
𝑉(𝑗)

[

𝛥𝑠𝑝𝑝(𝑘)
𝜕𝑝(𝑘)
𝜕𝑡(𝑘)(𝑗)

+ 𝛥𝑠𝑝𝑞(𝑘)
𝜕𝑞(𝑘)
𝜕𝑡(𝑘)(𝑗)

]

(25)

Eliminating 𝐶(𝑘) from Eqs. (23) and (24) leads to

𝛥𝑠𝑝𝑝(𝑘)
𝜕𝐹(𝑘)

𝜕𝑞(𝑘)
− 𝛥𝑠𝑝𝑞(𝑘)

𝜕𝐹(𝑘)

𝜕𝑝(𝑘)
= 0 (26)

2.2. Peridynamic porosity

The damage evolution in materials described by peridynamics the-
ory means the progressive physical process which leads to the growth
of voids in the volume of the peridynamic particles. In the present
paper, damage is defined as the nano/micro volumes of discontinuities
created in the volume of the peridynamic particles. Consequently, the
damage evolution leads to the weakening of the bonds as a result
of the reduction of particle volume and the accumulation of forces
in the neighbourhood of defected volume. The local concentration of
internal forces results from the damage evolution and heterogeneous
deformation of the material. Finally, the critical value of the damage
parameter for the single peridynamic particle leads to the breaking
of bonds connected with this particle and consequently to material
failure. It is worth pointing out, that all stages of damage evolution
may be studied using the proposed damage variables in the framework
of peridynamics theory.

Peridynamic porosity 𝑓(𝑘)(𝑥, 𝑡) is defined as a ratio between the in-
tegrated volume of voids and the total volume of peridynamic particle.

𝑓(𝑘)(𝑥(𝑘), 𝑡) =
𝑉 𝑓
(𝑘) (27)
4

𝑉(𝑘)
Fig. 2. Integrated volume of voids 𝑉 𝑓
(𝑘) within the peridynamic particle volume 𝑉(𝑘).

where 𝑥(𝑘) denotes the material point, 𝑉(𝑘) is the peridynamic volume
of particle and 𝑉 𝑓

(𝑘) is the effective volume of the all voids which lie in
𝑉(𝑘). A damaged peridynamic particle is shown in Fig. 2.

The value of the peridynamic porosity parameter is limited in the
range 0 ≤ 𝑓(𝑘)(𝑥(𝑘), 𝑡) ≤ 1, where 𝑓(𝑘) = 0 denotes undamaged
peridynamic particle and 𝑓(𝑘) = 1 denotes the fully decohesion of the
peridynamic particle. In fact, the failure occurs through a process of
instability for the critical level of porosity parameter reaching the value
of 𝑓 𝑐𝑟 = 0.3. It is assumed, that such value is enough to the initiation of
crack propagation [42]. The evolution law for porosity is derived from
the expression for porosity in the following form

𝑓(𝑘) =
𝑉(𝑘) − 𝑉𝑚(𝑘)

𝑉(𝑘)
= 1 −

𝑉𝑚(𝑘)
𝑉(𝑘)

(28)

where 𝑉𝑚(𝑘) is the matrix of the peridynamic particle.
As a result of the differentiation of Eq. (28) with respect to time the

relationship for rate of the void volume fraction is obtained

̇𝑓(𝑘) =
𝑉𝑚(𝑘)
𝑉(𝑘)

�̇�(𝑘)
𝑉(𝑘)

= (1 − 𝑓(𝑘))
�̇�(𝑘)
𝑉(𝑘)

(29)

where 𝑉𝑚(𝑘) is the matrix of the peridynamic particle.
In the light of the above, the kinetic law for porosity is expressed

in the following form

̇𝑓(𝑘) = (1 − 𝑓(𝑘))�̇�
𝑝𝑝
(𝑘) (30)

where �̇�𝑝𝑝(𝑘) is the rate of plastic stretch which corresponds to dilata-
tion state. The evolution of peridynamic porosity leads to the plastic
enlargement of cavities inside the volume of material particles. In
particular, the characteristic features of the proposed definition of
porosity in peridynamics are summarized in the following way:

• Damage is incorporated in the peridynamics theory at the level
of the peridynamic particle

• Physical meaning of damage is understood as the increase of
microvoids within the peridynamic particle at the expense of the
particle volume

• Increase of microdefects leads to weakening of the bonds
• Damage localization and evolution occur as a natural outgrowth

of the equation of motion and constitutive models
• Peridynamic damage of material is characterized by the reduction

of effective force transmission capacity caused by the coupling
effect of the damage evolution and the bond elongation increment
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Fig. 3. (a) TEM image showing dislocation loops, precipitates and voids in irradiated HT9 ferritic/martensitic steel at 155 𝑑𝑝𝑎 [46] (b) voids observed in irradiated austenitic
stainless steel EI-847 at 73 𝑑𝑝𝑎 [47].
Fig. 4. Density of cavity and average cluster size as a function of irradiation dose,
based on [48].

Thus, the proposed formulation of porosity remains classical and is
based on Gurson’s porosity plasticity model [14,43,44]. The complex
nature of radiation defects is close to porosity because of formation
of clusters of vacancies and cavities. The origin of initial porosity
(radiation induced damage or micro-damage of mechanical origin) in
the material is not significant but it is an important shaping parameter
of the global material response under multi-axial stress state. Therefore,
the proposed peridynamic damage model based on the evolution of
porosity appears to be suitable for irradiated materials [2,45]. Ra-
diation induced changes in the form of spherical voids in austenitic
stainless steel are shown in Fig. 3. The shape of radiation induced
clusters in the form of spherical voids is shown in the TEM micrograph.

For this reason, the models describing the porosity evolution appear
most suitable in the case of the irradiated materials [1,2,45]. One of
the most important mechanisms of failure in irradiated materials is
the growth and evolution of voids. The consequences of irradiation of
component’s structure are increased hardening, ductility reduction and
embrittlement. The density of cavities (empty voids and voids filled
with helium) and average cluster size as a function of irradiation dose
are shown in Fig. 4.

Radiation induced porosity 𝑓 𝑖𝑟𝑟
0(𝑘) is based on the mean value of

radius 𝑟𝑐(𝑘) and density 𝑞𝑐(𝑘) of vacancy clusters. The clusters of radiation

defects of the size of several nanometers are qualified as spherical voids

𝑓 𝑖𝑟𝑟 = 𝑞𝑐 4𝜋
(

𝑟𝑐
)3

(31)
5

0(𝑘) (𝑘) 3 (𝑘)
The measure of radiation induced defects in the solid is 𝑑𝑝𝑎 unit which
expresses the number of atoms displaced from their initial displace-
ments [49]. As shown in Fig. 4 𝑑𝑝𝑎 reflects the formation of particular
types of defects including clusters of nanovoids that can be recalcu-
lated to the peridynamic porosity parameter. Clusters of nanovoids are
the major damage structures in materials subjected to strong neutron
irradiation. Spherical nanovoids are randomly distributed in the spa-
tial domain. As a result, irradiated materials, including steels become
highly porous (Fig. 3). Thus, nanovoids are observed at higher doses of
neutron irradiation. For this reason, the present paper assumed that 𝑑𝑝𝑎
reflects mainly the formation of vacancy clusters, and can be converted
to the peridynamic porosity parameter. It is worth underlining, that in
the irradiated solids, as a result of the reaction between fast neutrons
and metal nuclei, the effect of generation and growth of helium bubbles
takes place. In this case, the helium porosity with different internal
pressure in bubbles is created. To account for, all the other forms of
defects like dislocation loops, clusters of interstitial atoms and cavities
filled with impurities, the kinetics of evolution of these defects under
mechanical loads must be established.

For the relationship of cluster density of cavities 𝑞𝑐(𝑘) and the average
cluster radius 𝑟𝑐(𝑘) as a function of 𝑑𝑝𝑎, the power law is employed

𝑞𝑐(𝑘) = 𝑐𝑞(𝑑𝑝𝑎(𝑘))
𝑛𝑞 , 𝑟𝑐(𝑘) = 𝑐𝑟(𝑑𝑝𝑎(𝑘))𝑛𝑟 (32)

where 𝑐𝑞 , 𝑐𝑟, 𝑛𝑞 , 𝑛𝑟 are the material parameters determined using exper-
imental results obtained by Courcelle et al. [48]. Referring to Eq. (31)
the porosity parameter can be expressed as a function of radiation
damage measure (𝑑𝑝𝑎)

𝑓 𝑖𝑟𝑟
0(𝑘) =

4
3
𝜋𝑐𝑞𝑐

3
𝑟
(

𝑑𝑝𝑎(𝑘)
)3𝑛𝑟+𝑛𝑞 (33)

It has been assumed, that the failure of irradiated material occurs as
soon as the maximum porosity parameter characterizes peridynamic
particle reaches the value of 𝑓 𝑐𝑟 = 0.3. In order to predict the material
failure, the critical value of total porosity parameter 𝑓 𝑐𝑟

(𝑘) is adopted. The
critical value of porosity parameter also means the breaking all peridy-
namic bonds connected with the corresponding peridynamic particle.
It results from the reduction of effective force transmission capacity
caused by the coupling effect of the damage evolution and the bond
elongation increment.

2.3. Irradiation hardening

In order to capture the isotropic hardening behaviour in PD elasto-
plastic damage model it is assumed that the current yield stress is a
function of equivalent plastic stretch �̄�(𝑘), radiation damage levels 𝑑𝑝𝑎
and current porosity 𝑓(𝑘)

𝜎𝑦 = 𝜎𝑦 (�̄� , 𝑑𝑝𝑎 , 𝑓 ) (34)
(𝑘) (𝑘) (𝑘) (𝑘) (𝑘)
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𝑠

Fig. 5. Engineering stress–strain curves of EC316LN stainless steel after irradiation to
labelled doses in spallation environments [51].

The equivalent plastic strain is obtained by assuming that the mi-
croscopic plastic power of the porous solid varies according to the
equivalent plastic work expression

̄(𝑘) = 𝐴0

𝑝(𝑘)𝛥𝑠
𝑝𝑝
(𝑘) + 𝑞(𝑘)𝛥𝑠

𝑝𝑞
(𝑘)

(1 − 𝑓 )𝜎𝑦(𝑘)
(35)

The additional parameter 𝐴0 was determined by Madenci and Oterkus
[36] by comparison of the equivalent plastic stretch during uniaxial
tension using peridynamics and classical continuum theory. Thus, for
3D case the parameter 𝐴0 is defined as

𝐴0 =

√

5
√

𝜋𝑏𝛿5
(36)

Interaction of dislocation generated during deformation with radi-
ation induced defects in the form of randomly distributed spheri-
cal voids leads to changes in mechanical properties of the material,
such as increase in yield stress, embrittlement and hardness [1,3,
50]. Randomly distributed voids and helium bubbles become barriers
to undisturbed dislocations motion and plastic flow. The influence
of irradiation-induced defects on strain hardening and softening is
analysed.

The Kocks–Mecking type hardening model [52] is the main way
to obtain a physically based description of irradiation hardening law.
The yield function expressed by the components that contribute to the
irradiation hardening takes the form

𝜎𝑦(𝑘) = ℎ𝑑𝛼𝜇
√

�̄�(𝑘) + 𝜎𝑦0𝑖𝑟𝑟(𝑘) − ℎ𝑎𝜇�̄�(𝑘)
√

𝑓(𝑘) + 𝜎𝑎𝑒𝑥𝑝
(

−
�̄�(𝑘)
𝑠0

)

(37)

where ℎ𝑑 is a proportional factor, ℎ𝑎 is a parameter with opposite
signs controlling the annihilation of dislocations, 𝛼 denotes the Taylor
strengthening coefficient and 𝜇 denotes the shear modulus.

For non-irradiated materials, a strain hardening regime can be ob-
served, which is related to the interaction among dislocations (compare
Fig. 5). The first term in Eq. (37)

(

ℎ𝑑𝛼𝜇
√

�̄�
)

describes the strain
hardening mechanism. Dislocation motion is impeded by the presence
of obstacles in the form of forest dislocations acting as random obstacles

The increase of the initial yield point 𝜎𝑦0
𝑖𝑟𝑟

(𝑘) resulting directly from
the increase of irradiation dose (𝑑𝑝𝑎) is expressed in the following form

𝜎𝑦0𝑖𝑟𝑟(𝑘) = 𝜎𝑦0(𝑘) + 𝐵2𝜎
𝑦0
(𝑘)

√

𝑑𝑝𝑎 (38)

Moreover, the expression in Eq. (38) is closely related to the initial yield
strength of the non-irradiated material 𝜎𝑦0 [51,53].
6

(𝑘)
The dislocations dynamics is controlled by the annihilation process
reducing the dislocation density during the plastic deformation. More-
over, during the interaction of dislocation with voids (weak precipi-
tate), the dislocation can separate and dissociate into partial disloca-
tions [54,55]. The third part

(

−ℎ𝑎𝜇�̄�(𝑘)
√

𝑓(𝑘)
)

describes the mechanisms
responsible for softening.

The unpinning term
(

𝜎𝑎𝑒𝑥𝑝
(

− �̄�(𝑘)
𝑠0

))

is introduced based on the

observation that larger radiation obstacles require higher stress to
unpin [50,54] where 𝜎𝑎 denotes the reference stress for dislocation
unpinning

𝜎𝑎
(

𝑓(𝑘), �̄�(𝑘)
)

= 𝐵0𝛼𝜇�̄�(𝑘)

√

|

|

|

|

𝑓(𝑘)
(

𝑠𝑝𝑝(𝑘)
)

− 𝑓 0
(𝑘)
|

|

|

|

(39)

𝑓 0
(𝑘) is the initial porosity resulting from radiation and 𝑠0 denotes a

coefficient to adjust the avalanche speed after unpinning the disloca-
tions.

The modelling of irradiation hardening in metals for advanced nu-
clear reactors is based on the mechanisms of irradiation hardening due
to the various irradiation-produced defects. Irradiation-induced defects
produced in radiation cascades act as barriers to dislocation gliding.
This leads to an increase in the overall yield stress of the material.
It is assumed in the present paper, that the peridynamic porosity is
the main source of radiation hardening. The hardening model includes
mechanisms of blocking dislocations at radiation-induced defects and
the annihilation of dislocations with opposite Burger’s vector or as a
result of interaction with voids. Also, the general behaviour of the irra-
diation hardening model shows that as the radiation-induced porosity
increases, the initial yield point increases.

2.4. Model summary

The proposed pressure-dependent damage material model with irra-
diated isotropic hardening consists of the following system of equations
(see Box I)
The advanced constitutive model consider fully coupled dissipative
phenomena in the irradiated material. The peridynamic elasto-plastic
model includes coupling the volumetric damage parameter with the
yield function. This formulation is kept based on the Gurson model. In
the original Gurson model, the void coupled yield function is derived
from the void deformation behaviour in a matrix material [56]. In
addition, peridynamic damage of material is characterized by the re-
duction of effective force transmission capacity caused by the coupling
effect of the damage evolution and the bond elongation increment.
Moreover, the hardening and softening rules are introduced to control
the evolution of the yield function. The nonlinear irradiation hardening
and softening are coupled with the porosity variation. This coupling
effect results in an overall hardening and softening behaviour, owing
to the combined effects of both damage and plasticity.

The nonlinear system of Eqs. (40) is solved using the iterative
Newton method. A series of numerical tests demonstrate the efficiency
of the well-calibrated physically based constitutive model. Details of
the iterative solution can be found in the Appendix.

2.5. Numerical solution procedure for elastic–plastic constitutive model

A numerical procedure of the developed peridynamics model can
be implemented in the following steps listed below for a given particle
(𝑘). The goal of the algorithm is to provide the basic equations to
calculate the peridynamics variables in the (𝑛 + 1) calculation step
based on the known value from the previous one (𝑛). Moreover, the
goal of the described algorithm is to show the step by step instruction
for evaluation of the force density vector 𝑛+1𝑡(𝑘)(𝑗) based on the known
value of the total stretch 𝑛+1𝑠(𝑘)(𝑗).

1. Save the data from the previous calculation step 𝑛
𝑛𝑠 , 𝑛𝑠𝑒 , 𝑛𝑠𝑝 , 𝑛�̄� , 𝑛𝑓 , 𝑛𝜎𝑦
(𝑘)(𝑗) (𝑘)(𝑗) (𝑘)(𝑗) (𝑘) (𝑘) (𝑘)
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𝑡(𝑘)(𝑗) = (𝑎𝜅 − 𝑎𝜇)2𝛿𝑑
𝛬(𝑘)(𝑗)

|𝐱(𝑗)−𝐱(𝑘)|
𝜃(𝑘) + 2𝛿𝑏𝑠(𝑘)(𝑗) - isotropic Hooke’s law if 𝐹(𝑘) < 0

𝐹(𝑘) =
(

𝑞(𝑘)
𝜎𝑦(𝑘)

)2
+ 2𝑞1𝑓(𝑘) cosh

(

3𝑞2𝑝(𝑘)
2𝜎𝑦(𝑘)

)

− (1 + 𝑞3𝑓 2
(𝑘)) = 0 - yield function

𝛥𝑠𝑝𝑝(𝑘)
𝜕𝐹(𝑘)
𝜕𝑞(𝑘)

− 𝛥𝑠𝑝𝑞(𝑘)
𝜕𝐹(𝑘)
𝜕𝑝(𝑘)

= 0 - plastic flow rule

𝜎𝑦(𝑘) = ℎ𝑑𝛼𝜇
√

�̄�(𝑘) + 𝜎𝑦0𝑖𝑟𝑟(𝑘) − ℎ𝑎𝜇�̄�(𝑘)
√

𝑓(𝑘) + 𝜎𝑎𝑒𝑥𝑝
(

− �̄�(𝑘)
𝑠0

)

- irradiated hardening/softening

𝛥𝑓(𝑘) = (1 − 𝑓(𝑘))𝛥𝑠
𝑝𝑝
(𝑘) - kinetic law of porosity

(40)

Box I.
3
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2. Get the value of the current bound stretch 𝑛+1𝑠(𝑘)(𝑗) in the family
bonds of point (𝑘).

3. Calculate trial elastic stretch 𝑛+1𝑠𝑡(𝑘)(𝑗) and trial elastic dilatation
𝑛+1𝜃𝑡(𝑘) as

𝑛+1𝑠𝑡(𝑘)(𝑗) =
𝑛+1𝑠(𝑘)(𝑗) − 𝑛𝑠𝑝(𝑘)(𝑗),

𝑛+1𝜃𝑡(𝑘) =
𝑁
∑

𝑗=1

(

𝑛+1𝑠𝑡(𝑘)(𝑗)
)

𝛬(𝑘)(𝑗)𝑉(𝑗)

4. Calculate the trial force density as

𝑛+1𝑡𝑡(𝑘)(𝑗) =
2ℎ𝑑

|𝐱(𝑗) − 𝐱(𝑘)|
(𝑎𝜅 − 𝑎𝜇)𝛬(𝑘)(𝑗)

(

𝑛+1𝜃𝑡(𝑘)
)

+ 2ℎ𝑏
(

𝑛+1𝑠𝑡(𝑘)(𝑗)
)

5. Determine the trial dilatational and distortional parts of the
strain energy density as

𝑛+1𝑊 𝜅
(𝑘) = 𝑎𝜅

(

𝑛+1𝜃𝑡(𝑘)
)2

, 𝑛+1𝑊 𝜇
(𝑘) =

𝑁
∑

𝑗=1

(

𝑛+1𝑠𝑡(𝑘)(𝑗)
)

|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗)

6. Calculate trial hydrostatic stress 𝑛+1𝑝𝑡(𝑘) and equivalent HMH
stress 𝑛+1𝑞𝑡(𝑘) as

𝑛+1𝑝𝑡(𝑘) =
√

2𝐾𝑎𝜅
(

𝑛+1𝜃𝑡(𝑘)
)

, 𝑛+1𝑞𝑡(𝑘) =
√

6𝐺
(

𝑛+1𝑊 𝜇
(𝑘)

)

7. Compute the value of the GTN yield function based on the trial
state using Eq. (16)

𝑛+1𝐹(𝑘) = 𝑛+1𝐹(𝑘)

(

𝑛+1𝑞𝑡(𝑘),
𝑛+1𝑝𝑡(𝑘),

𝑛𝑓(𝑘)
)

8. Check if trail calculation step is elastic
𝑛+1𝐹(𝑘) < 0

9. If step is elastic, set
𝑛+1𝛥𝑠𝑝(𝑘)(𝑗) = 0

and go to step 13, otherwise go to next calculation step.
10. Apply Newton iterative method to find unknowns variables

𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗) and 𝑛+1𝛥𝑠𝑝𝑞(𝑘)(𝑗).

(a) Assume initial values of the unknowns
𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗) = 0, 𝑛+1𝛥𝑠𝑝𝑞(𝑘)(𝑗) = 0

(b) Check convergence

|𝐹(𝑘)| < 𝑡𝑜𝑙,
|

|

|

|

|

𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗)
𝜕𝐹(𝑘)

𝜕𝑞(𝑘)
− 𝑛+1𝛥𝑠𝑝𝑞(𝑘)(𝑗)𝛥𝑠

𝑝𝑞
(𝑘)

𝜕𝐹(𝑘)

𝜕𝑝(𝑘)

|

|

|

|

|

< 𝑡𝑜𝑙

(c) If assumed tolerance (𝑡𝑜𝑙) is obtained go to step 12, oth-
erwise go to next Newton step.

(d) Compute jacobian matrix and solve linear system of equa-
tions for 𝑛+1𝑑𝛥𝑠𝑝𝑝(𝑘)(𝑗) and 𝑛+1𝑑𝛥𝑠𝑝𝑞(𝑘)(𝑗) according to the equa-
tions given in Appendix.
7

t

(e) Update unknowns variables
𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗) =

𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗)+
𝑛+1𝑑𝛥𝑠𝑝𝑝(𝑘)(𝑗),

𝑛+1𝛥𝑠𝑝𝑞(𝑘)(𝑗) =
𝑛+1𝛥𝑠𝑝𝑞(𝑘)(𝑗)+

𝑛+1𝑑𝛥𝑠𝑝𝑞(𝑘)(𝑗)

11. Update porosity
𝑛+1𝑓(𝑘) = 𝑛𝑓(𝑘) + 𝐴0(1 − 𝑛𝑓(𝑘))

(

𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗)
)

12. Compute the increment of plastic stretch according to Eq. (25)

𝑛+1𝛥𝑠𝑝(𝑘)(𝑗) =
1
𝑉(𝑗)

(

𝑛+1𝛥𝑠𝑝𝑝(𝑘)(𝑗)
𝜕𝑝(𝑘)
𝜕𝑡(𝑘)(𝑗)

+ 𝑛+1𝛥𝑠𝑝𝑞(𝑘)(𝑗)
𝜕𝑞(𝑘)
𝜕𝑡(𝑘)(𝑗)

)

13. Compute the plastic and elastic stretch
𝑛+1𝑠𝑝(𝑘)(𝑗) =

𝑛𝑠𝑝(𝑘)(𝑗) +
𝑛+1𝛥𝑠𝑝(𝑘)(𝑗),

𝑛+1𝑠𝑒(𝑘)(𝑗) =
𝑛+1𝑠(𝑘)(𝑗) − 𝑛+1𝑠𝑝(𝑘)(𝑗)

14. Compute the elastic dilatation
𝑛+1𝜃𝑒(𝑘) =

𝑛+1𝜃𝑡(𝑘) −
𝑛+1𝛥𝜃𝑝(𝑘)

15. Using the Hooke’s law compute force density vector based on
the elastic stretch and elastic dilatation
𝑛+1𝑡(𝑘)(𝑗) =

2ℎ𝑑
|𝐱(𝑗) − 𝐱(𝑘)|

(𝑎𝜅 − 𝑎𝜇)𝛬(𝑘)(𝑗)

(

𝑛+1𝜃𝑒(𝑘)
)

+ 2ℎ𝑏
(

𝑛+1𝑠𝑒(𝑘)(𝑗)
)

16. Go to the first calculation step.

. Experiments

Experimental characterization of initiation and evolution of nano/
icro damage under mechanical loads in the irradiated materials is

are in the literature. This Section is dedicated to presenting two
xperimental campaigns dedicated to irradiated materials. The two
xperimental campaigns consist of: (1) ion irradiation in a wide range
f damage levels expressed in terms of displacement per atom 𝑑𝑝𝑎 and
2) nanoindenation tests on irradiated specimens.

.1. Ion irradiation

As an alternative to neutron irradiation, ion irradiation has be-
ome the most widely applied method to achieve radiation damage
orresponding to high neutron doses. To reach that high displace-
ent damage level, the ion irradiation method can be applicable in
relatively short time without the samples becoming radioactive.

on irradiation belongs to the methods where the defect formation
an be controlled with high accuracy (including concentration and
epth distribution) and allows to obtain materials having a wide range
f damage levels, usually expressed in 𝑑𝑝𝑎 scale (displacements per
tom) [49]. Ion irradiation can generate the same various defects as
eutron irradiation, such as Frankel pairs, interstitials, vacancies, clus-
ers of voids and dislocation loops. The austenitic stainless steel 310S
s proposed for this analysis due to its promising thermo-mechanical
roperties. This kind of steel is an excellent candidate for environmen-

ally extreme applications such as new nuclear energy systems due to
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Fig. 6. Simulated irradiation damage (in 𝑑𝑝𝑎) as a function of target depth for (a) 1.5 MeV Fe ions and 160 keV He ions (b) 1.5 MeV Ni ions at the fluence of 1E14, 1E15 and
1E16 ions/cm−2.
Table 1
Ion-irradiation campaign.

Ion Fluence (ions/cm2) Energy 𝑑𝑝𝑎 Porosity

Ni 1E14 1.5 MeV 0.12 4E−8
Ni 1E15 1.5 MeV 1.32 1E−5
Ni 1E16 1.5 MeV 13.22 2E−3
Fe 1E14 1.5 MeV 0.12 4E−8
He 1E15 1.0 MeV 0.02 7E−10
Fe and He 1E14 and 1E15 1.5 MeV and 160 keV 0.14 6E−8

its good corrosion resistance, high strength, and ductility. Furthermore,
the amount of carbon is limited, reducing the risk of embrittlement.
As-polished specimens of stainless steel 310S were irradiated at room
temperature with 1.5 MeV Ni, 1.5 MeV Fe ions, and 1 MeV He ions.
Fluences of these irradiations were 1E14, 1E15 and 1E16 ions/cm−2 for
Ni, 1E14 ions/cm−2 for Fe and 1E15 ions/cm−2 for He. These conditions
corresponded to the radiation-damage generation from 0.02 to 13.22
𝑑𝑝𝑎 (displacement per atom; [49]) and were calculated using SRIM
software (The Stopping and Range of Ions in Matter) [57]. Described
irradiation conditions also resulted in modification approx. 0.8 μm for
Fe and Ni. Profiles of irradiation damage (in 𝑑𝑝𝑎) as a function of target
depth for 1.5 MeV Fe ions and 160 keV He ions and for Ni ions at the
fluence of 1E14, 1E15 and 1E16 ions/cm2 is shown in Fig. 6. In order to
best simulate the effect of neutron irradiation one rectangular sample
was submitted to sequential dual-beam ion irradiation. The parameters
of ion implantation (energy) were again determined by using SRIM
code [57]. In order to maximize material damage at similar depths,
the energy of He + and Fe + ions were set as 160 keV and 1.5 MeV,
respectively. The implantation with He-ions contributes to the creation
of helium bubbles. Fluences of these irradiations were 1E14 ions/cm−2

and 1E15 ions/cm2, respectively for He and Fe. These parameters
corresponded to modification of ≈ 800 nm thick layer. However, the
highest damage level occurs at a depth of about 500 nm, see Fig. 6.
During implantation the ion beam current was limited to about 0.1 μA
cm−2 to avoid significant heating of the samples. The temperature of
the specimens was controlled continuously using a thermocouple and
the irradiations were performed in the normal direction relative to the
surface of the specimens. Detail description of the irradiation campaign
is presented in Table 1.

Both single and double ion implantation campaigns were carried out
using 3SDH-2 1.0 MV NEC Pelletron Tandem accelerator.

3.2. Nanoindentation tests

Modified layers induced by ion-irradiation are usually thin, approx-
imately 0.1–3 μm. The depth of this modification depends on the ion
8

energy and atomic weight of the implanted element. As a rule of thumb,
higher energy results in more profound material modification, while
heavier elements penetrate smaller depths of the material than light
atoms (e.g., He). Generation of the irradiated layer with low thickness
requires the use of nano/micro indentation technique to measure their
mechanical properties. In this work, the classical nanoindentation tests
using the Berkovich-shaped indenter were performed. The experimental
set-up of the indentation tests is shown in Fig. 7. Fig. 7(A) shows the
indenter system and the holder with a mounted tested specimen, while
Fig. 7(B) depicts a snapshot of the ongoing indentation test. Fig. 7(C)
shows the sample surface after indentation. One can observe a series of
indents with a distance of 20 μm from each other. Fig. 7(D) shows an
SEM image of the indent with the developed characteristic slip planes
on each side of the indented wall-side.

Each specimen has been tested at least 10 times. In order to prevent
creep of the specimen, the maximum load was kept for 1 s (up to
4.5 mN) or 2 s (up to 10 mN), while the load/unload cycle took 3 s
and 2 s for loads 0.25–0.5 mN, 5 s and 3 s for loads 0.75–4.5 mN,
and 10 s and 5 s for loads 5–10 mN, respectively. To prevent the
interference of the imprints and their stress/strain fields, the distance of
20 μm between the indentation spots was kept. In order to measure the
mechanical properties of the ion-irradiated layers, it should considered
that the plastic zone’s volume developed under the indenter tip is
approximately 10 times thicker than the maximum indentation depth.
The tests performed with 1 mN loads up to ≈ 100 nm indentation
depth corresponds to this proportion and allow conclude that the
recorded information comes from the irradiated region. Fig. 8 presents
the indentation curves recorded for the virgin austenitic stainless steels
310S and after irradiation using Fe, Ni, and He ions. It is known
that the radiation-induced defects developed during the ion-irradiation
process emulate neutron damage and act as obstacles to the dislocation
movement during plastic deformation. This leads to the material hard-
ening. The currently presented results are coherent with the physical
approach. The results show that the irradiation-induced hardening of
the material occurs in the examined zone. This is manifested as the
hardness increase with the irradiation dose (see Fig. 9).

The object of the experimental analysis was to establish the basic
mechanical properties, such as the hardness of the irradiated steel as
a function of the irradiation dose. The irradiated samples were tested
within the wide load range from 0.25 to 10 mN. The maximum load
corresponded to the range of 400 nm penetration depth. The hardness
variation deduced from the load–displacement (L–D) curves as a func-
tion of indentation contact depth is shown in Fig. 9 for different values
of 𝑑𝑝𝑎. The hardness increases with increasing irradiation dose (𝑑𝑝𝑎).
The evolution of the mechanical properties of ion-irradiated materials

is the obvious consequence of radiation damage created in the material.
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Fig. 7. (A) indenter system provided by MicroMaterials Ltd. (B) snapshot of the indentation test (C) SEM image of the 310S sample surface after indentation with 5 mN load and
(D) SEM image of the indent with visible characteristic slip planes developed during material deformation while loading.
Fig. 8. Load–displacement curves on (a) virgin; Fe ion-irradiated 310SS specimen up to 0.12 𝑑𝑝𝑎; and Fe+ He ion-irradiated 310SS specimen up to 0.14 𝑑𝑝𝑎; (b) virgin and Ni
ion-irradiated 310SS specimen for three value of irradiation dose 0.12 𝑑𝑝𝑎, 1.32 𝑑𝑝𝑎 and 13.22 𝑑𝑝𝑎.
On the other hand, the hardness decreases with increasing indentation
depth due to the indentation size effect. Moreover, a sudden decrease
in the measured hardness at the early stages of the nanoindentation
process (around 80 nm indentation depth) is observed. This results
from a faster accumulation rate of geometrically necessary dislocations
(GNDs).

4. Results and discussion

The problem of radiation induced defects requires deep analysis
from experimental, theoretical and numerical points of view. The peri-
dynamic elasto-plastic model accounting for the irradiation effects and
radiation-induced porosity is formulated in Section 2. The proposed
model can be applied to study the mechanical effects of radiation
damage in austenitic stainless steels and polycrystal metals or alloys
used as structural materials in a reactor environment, detectors at
a particle accelerator and plasma devices. Different from the phe-
nomenological continuum damage mechanics developed by Lemaitre
and Chaboche [11,16], the peridynamics theory is adopted here to
solve the problem with complex boundary and loading conditions,
flux of high energy particles and various mechanical loading. The
proposed constitutive model in Section 2.4 has been implemented in
9

the peridynamics numerical code using the C programming language.
After implementing the relevant irradiation hardening terms, the full
coupled model was applied to comprehensively study the evolution of
radiation induced damage and irradiation hardening. Such a novel peri-
dynamic approach is verified by the corresponding experimental data.
The numerical simulations are performed for the different radiation
induced porosity levels. The influence of different types of hardening
mechanisms of porous materials on yield stress and strain hardening is
shown in Section 4.1. The character of predicted by numerical model
(Fig. 12) and experimental (Fig. 5) stress–strain curves for irradiated
materials are compared. In Section 4.2 peridynamics model for the
contact between indenter and irradiated specimen is formulated based
on [21]. Finally, in Section 4.3 the numerical results are validated
through the experimental measurement to verify the accuracy of the
peridynamics model.

4.1. Prediction of irradiation hardening during tensile deformation

Peridynamic simulations of the tensile tests were performed on unit
cube element, Fig. 10(a). The location of the analysed point is marked
in Fig. 10(b). The cube specimen of the size 10 μm × 10 μm × 10 μm is
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Fig. 9. Hardness variation as a function of contact depth for 310SS irradiated with (a) Fe and Fe+ He ions and (b) Ni ions.
Fig. 10. (a) Schematic of the initial configuration of the peridynamics particles with marked boundary conditions for the peridynamic simulations of tensile tests (b) location of
the analysed peridynamics particle.
Table 2
Parameters for the peridynamics damage plasticity model.
𝐸 [GPa] 𝜇 [GPa] 𝜌 [kg/m3] 𝜎𝑦0 [MPa] 𝑞1 [–] 𝑞2 [–] 𝑞3 [–] 𝐵2 [–] 𝐵0 [–]

200 80 7800 200 1.1 1.1 2.0 3 1

ℎ𝑑 [–] ℎ𝑎 [–] 𝑐𝑞 [cm−3] 𝑐𝑟 [cm−3] 𝑛𝑞 [–] 𝑛𝑟 [–] 𝑠0 [–] 𝛼 [–]

0.05 3.0 1e19 5e−09 0.8 0.5 5e−1 0.3
divided into three regions to consider boundary conditions. The pre-
scribed vertical velocity vector was applied to the top and the bottom
surface of the cube. The velocity magnitude was equal to 10 μm∕s For
a horizon size of ℎ = 3.03𝛥𝑥, the system has 1331 peridynamic particles
and 58 147 bounds. The number of bounds associated with particles in
the centre of the unit cube is 175. All material parameters used in the
simulations are summarized in Table 2.

For the irradiation hardening model formulated in Section 2.3, the
critical stress is decomposed into components related to the specific
microstructure features of 310S namely the increase of the initial yield
point associated with the increase of irradiation dose (𝑑𝑝𝑎). Moreover,
isotropic hardening describes the forest hardening due to the disloca-
tion network. On the other hand, porosity-based softening is related
to dislocation annihilation and separation efficiency during plastic
deformation. In addition, the irradiation hardening is associated with
forcing the dislocations to bow out by the radiation defects. Evolution
of the stress–strain curves with selected (a) isotropic hardening, (b)
porosity-based softening (c) irradiation hardening is demonstrated in
Fig. 11.
10
Peridynamic simulations were used to examine the various hard-
ening processes of porous materials (for different 𝑑𝑝𝑎 levels). In the
case of irradiated material the initial yield stress naturally depends
on the 𝑑𝑝𝑎 level, which defines the initial state of the material’s mi-
crostructure (compare with Fig. 5). Three main features were reported:
isotropic hardening, porosity-based softening and irradiation harden-
ing. In Fig. 11(a), the simulated curves show typical work hardening
plastic behaviour of materials in uniaxial tension. The strain hardening
strongly depends on the increase of the dislocations concentration and
is independent of porosity evolution during plastic deformation. The
other hardening feature caused by the reduction in dislocation density
is shown in Fig. 11(b). The dislocations annihilation rate affects the
flow stress, especially at rather large strains. As a consequence, the
annihilation term leads to a significant softening effect. In addition, the
softening effect is enhanced with the increase of porosity due to the
interaction of dislocations with voids and separating them into partial
dislocations. It is worth pointing out that, the impact of defect annihi-
lation on the macroscopic behaviour is much more pronounced at high
doses of 𝑑𝑝𝑎. The fast decrease in the stress at the end of the simulated
curves leads to the necking and failure of the material. The irradiation
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Fig. 11. Evolution of the equivalent HMH stress as a function of equivalent plastic strain with selected (a) isotropic hardening (b) porosity-based softening (c) irradiation hardening
for different initial level of irradiation.
Fig. 12. Prediction of the proposed constitutive model for the uniaxial tension test
with different initial level of irradiation.

hardening is observed in Fig. 11(c). This phenomenon corresponds to
the blocking mechanism of the uniform motion of dislocation after
encountering local obstacles, such as radiation defects. The dislocation
can be unpinned by increasing the stress on the dislocation. Higher
stresses are required to be able to unpin the dislocations from the local
obstacles that force dislocations bowing. To summarize, prediction of
the proposed elasto-plastic constitutive model with hardening-softening
behaviour (Eqs. (40)) for the uniaxial tension tests is shown in Fig. 12.
It is worth underlining, that the irradiation of materials leads to drastic
modifications of mechanical properties: increases the yield strength,
increases hardness and reduces the ductility.

The character of predicted (Fig. 12) and experimental curves (Fig. 5)
for the 0.54 and 1.87 𝑑𝑝𝑎 doses is preserved. The proposed model is
sensitive to changes of the initial yield stress with increasing dose of
radiation. In addition, the constitutive model reflects well the coupling
relationship between irradiation hardening resulting from blocking
dislocations on radiation defects and softening connected with annihi-
lation of radiation-induced dislocation loops. These results suggest that
the proposed constitutive model is suitable for describing irradiated
materials.

4.2. Peridynamics model of indentation test

The indentation test is defined as a contact problem between the
indenter and the irradiated specimen, Fig. 13. Berkovic indenter is
11
modelled as a rigid body. The geometry of the indenter consists of
a set of particles with an average nearest neighbour distance equal
to 50 nm forming the contact surface. The irradiated material in the
form of a cube has dimensions 1600 × 1600 × 1600 nm. The cube’s grid
step 𝛥𝑥 is equal to 50 nm. The presented model consists of 15 625
particles and 827 267 bounds. The peridynamics horizon is assumed
as 3.03 × 𝛥𝑥 corresponds to 175 bounds per one particle. The reaction
force is calculated as a weighted sum of force density vectors 𝑡(𝑘)(𝑗)
multiplied by the volume of the particles 𝑉(𝑘) and projected to the
direction of the indenter movement ([0, 1, 0] in this case). The influence
of the boundary effects resulting from a non-local approach was ignored
in the simulation since a large volume of material is considered. In such
a case, the boundary effects do not significantly affect the obtained
results.

Based on experimental results described in Section 3, the displace-
ment-time curves have been extracted and used as prescribed dis-
placement of the indenter, Fig. 14. Two polynomials approximate the
obtained curves: quadratic (loading stage) and linear (unloading stage).
The unknown coefficient of these polynomials has been found using the
least squares method.

During the indentation process, contact forces occur between the
upper surface of the box and the indenter. The contact of the rigid
indenter with irradiated material is modelled through short range
contact forces [21]. By definition, the contact force is zero if the
distance between particles (𝑘) and (𝑗) is greater than 𝑑(𝑘)(𝑗) (short-range
interaction distance)

𝑑(𝑘)(𝑗) = 𝑚𝑖𝑛{0.9‖𝑥𝑘 − 𝑥𝑗‖, 1.35(𝑟𝑘 + 𝑟𝑗 )} (41)

where 𝑟 is the node radius of given particle (𝑘) or (𝑗). It is assumed
that the node radius is constant for all particles and it is equal to 1

2𝛥𝑥.
Therefore, the 𝑑(𝑘)(𝑗) distance remains constant throughout the analysis.
If the interaction distance between two particles is lower than 𝑑(𝑘)(𝑗), the
contact force is computed using the following formula

𝐹(𝑘)(𝑗) =
𝑐𝑠
𝛿
(

‖𝑦(𝑘) − 𝑦(𝑗)‖ − 𝑑(𝑘)(𝑗)
)

𝑉(𝑘)
𝑦(𝑘) − 𝑦(𝑗)

‖𝑦(𝑘) − 𝑦(𝑗)‖
, 𝑐𝑠 = 1518𝜅

𝜋𝛿4
(42)

A bottom surface of the cube is fixed during the loading and unloading
stage. All displacement components of the particles located on this
surface are set to zero. Four remaining side surfaces are treated as
a free surfaces. The developed material model was applied to study
the material’s behaviour during plastic deformation. The entire cube
is assumed to made of the same homogeneous material.
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Fig. 13. Discretized peridynamics model of indentation test.

Fig. 14. Fitted analytical curves for displacement history of the indenter.
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Fig. 15. Deformed configurations at the maximum indentation depth for (a) unirr (b) irr1, (c) irr2 and (d) irr3.
Table 3
Summary of selected experimental cases for numerical simulations.

No. name 𝑑𝑝𝑎 Indentation depth [nm]

unirr Virgin 0 94.87
irr1 Fe+He 0.14 0.14 75.38
irr2 Ni 1.32 1.32 77.11
irr3 Ni 13.22 13.22 79.39

4.3. Numerical simulations

The numerical simulations for selected cases (Table 3) have been
performed and validated by experiments. The four experimental cases
are selected so as to represent a wide range of radiation induced dam-
age level. As a reference to the irradiated materials, the unirradiated
material is analysed. In other cases, different values of 𝑑𝑝𝑎 are directly
connected with the initial radiation induced porosity of the samples.

The results of the numerical simulations in the form of the deformed
configurations of the materials at the maximum indentation depth are
shown in Fig. 15. The effect of radiation porosity on the elasto-plastic
behaviour of austenitic stainless steel 310S is shown. The indenter
contact zone is clearly visible for all studied cases.

A dislocation nucleation mechanism, propagation behaviour and
interaction of dislocations with nano/microdefects play a critical role
in the plastic behaviour of irradiated and non-irradiated materials. The
force applied to a structure causing deformation is proportional to
the contact zone size. The reduced increase of plastic zone size for
13
the irradiated materials results of radiation induced defects acting as
obstacles to deformation in the irradiated material. Radiation induced
porosity causes higher stress concentrations leading to the increase of
embrittlement and in the consequence the brittle failure of the matrix
material.

The comparison between the numerical and the experimental force–
displacement curves for virgin material and the material irradiated
to different values of 𝑑𝑝𝑎 are presented in Fig. 16. Generally, the
simulations have been limited to the indentation depth of some 80 nm,
which corresponds to 10 of the maximum ion-irradiation depth. The
maximum load reaches some 1 mN.

The hardening slope results both from the defined irradiated hard-
ening and from the geometric nonlinearity, resulting from the shape of
the indenter and the increasing contact surface with the material. The
predictions of the proposed constitutive model are in good agreement
with the experimental data.

In a similar way, the distribution of equivalent HMH stress is
shown in Fig. 17. At the nanoscale, the dominant mechanism of plastic
deformation is slip due to dislocations motion. The initial processes of
the plastic deformation of the materials during nanoindentation testing
can be studied at the atomic level using Molecular Dynamics simu-
lations. Therefore, Molecular Dynamics simulations were performed
to determine the corresponding quantitative stress level necessary to
trigger dislocation nucleation and activation of the plastic deformation.

Such analysis offers a genuine insight into the processes occur-
ring in the irradiated materials subjected to the indentation process.
The hardening modulus is coupled with radiation induced porosity
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Fig. 16. Comparison of the load–indentation depth curves between the experimental results and the numerical simulations for (a) virgin material and (b–d) different values of
𝑑𝑝𝑎.
(Eq. (37)). Moreover, the initial yield point is a function of the irradi-
ation level, expressed by 𝑑𝑝𝑎 parameter (Eq. (38)). With an increasing
dose of radiation, the material’s initial yield and stiffness increase.
Consequently, larger forces have to be applied to achieve the material’s
plastic behaviour. As expected, the greatest stress values are located
in the vicinity of the indenter tip. With increasing 𝑑𝑝𝑎, the stress
level also increases causing the growth of porosity. The evolution of
porosity, equivalent plastic stretch and HMH equivalent stress under
the loads caused by nano-indentation are presented in Fig. 18. The
equivalent plastic stretch increases rapidly for the unirradiated ma-
terial. The radiation induced porosity expressed as a function of 𝑑𝑝𝑎
significantly affects the process of evolution of plastic stretch in the
material. With increasing irradiation dose the rate of equivalent plastic
stretch decreases, and, it remains steady during the unloading process.
As shown, the highest value of HMH equivalent stress is recorded
for the maximum value of the irradiation porosity and indicates the
tendency to saturation. This analysis confirmed, that the evolution of
porosity results in structural changes.

In Fig. 19, the relationships between the void growth rate and
the equivalent plastic stretch are plotted. The evolution of radiation
induced porosity is computed directly from the Gurson kinetics law
(Eq. (29)), which does not correctly reflect the compressive processes.
Gurson’s model assumes that the initial porosity level will be substan-
tially reduced due to the indentation process. This is due to the phe-
nomenological assumptions about the fundamental qualities, that the
micro-porosity has to close up ahead of the indenter under compressive
stress. In the proposed peridynamic pressure-dependent constitutive
model the modification of Gurson kinetics is introduced. The increase
14
of initial porosity is generated independently of the pressure direction.

The character of nano/micro porosity evolution is certainly one of
the interesting features. The porosity cannot be reduced since material
cohesion restoration is impossible. On the contrary, the closed voids are
converted to some sort of micro-cracks (of rounded edges), that might
become origin of a macro-crack when the continuum is overloaded.
The change of the load direction will cause swiftly opening of the
micro-cracks and subsequently their evolution. Moreover, the porosity
is constantly evolving and might become the origin of a macro-crack
when the continuum is overloaded. The main features of the proposed
peridynamic elasto-plastic damage model for ion-irradiated materials
(Eqs. (40)) are as follows:

• The proposed constitutive model is formulated within the frame-
work of peridynamics theory, where the plastic behaviour of the
irradiated materials can be analysed at the nano/micro scale
level.

• Radiation-induced defects are described by the porosity parame-
ter reflecting randomly distributed spherical clusters of voids re-
sulting from elastic interactions of energetic particles with lattice
atoms.

• Peridynamic porosity is defined as a volume of discontinuities
created in the volume of peridynamic particles. The peridynamic
porosity can be easily recalculated to damage parameter within
Continuum Damage Mechanics (CDM).

• The evolution of radiation induced porosity is driven by the volu-
metric plastic stretch rate combined with type GTN yield surface.
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Fig. 17. Distribution of equivalent HMH stress 𝑞(𝑘) at maximum indentation depth for several levels of 𝑑𝑝𝑎 for (a) unirr (b) irr1, (c) irr2 and (d) irr3. The units of stress is MPa.

Fig. 18. Development of porosity, equivalent plastic stretch and equivalent HMH stress during nano-indentation processes for different level of initial 𝑑𝑝𝑎.
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Fig. 19. Evolution of radiation induced porosity as a function of equivalent plastic
stretch.

Peridynamic porosity evolution is the progressive physical process
that leads to the growth of voids in the volume of peridynamics
particles.

• The criterion of failure is formulated based on the critical value
of the porosity parameter. The porosity evolution leads to the
weakening of the bonds due to the reduction of particle volume.
Consequently, an increase of porosity leads to the accumulation
and local concentration of internal forces in the neighbourhood
of defected volume.

• Gurson–Tvergaard–Needleman (GTN) yield criterion formulated
for a porous solid is adopted. GTN model provides the coupling of
the radiation induced porosity parameter with the yield function.

• The constitutive relations for irradiation hardening based on the
dilatational part of elastic strain energy are formulated. For-
mulated hardening and softening laws for irradiated materials
are based on the physical mechanisms of the dislocation motion
impeded by irradiation-induced defects, the annihilation of dislo-
cations, and the unpinning dislocations. The nonlinear irradiation
hardening and softening are coupled with the porosity variation.
The hardening and softening rules control the evolution of the
yield function.

5. Conclusions

The original peridynamic pressure-dependent constitutive model
able to predict the porosity evolution for ion-irradiated ductile material
is proposed. The new nonlinear relations of the irradiation hardening
are introduced into the constitutive relations of the material. The
hardening law for irradiated steels accounts for the mechanism of
the dislocation motion impeded by irradiation-induced defects, the
annihilation of dislocations, and the unpinning dislocations. The com-
bined effects, the irradiation hardening phenomena and the evolution
of radiation induced porosity are investigated. To cover the presence
of radiation-induced voids in the constitutive model, the volumetric
damage is defined at the level of the peridynamic particle. The evo-
lution of the damage parameter is governed by kinetic law expressed
in the form of the rate of plastic stretch. The Gurson–Tvergaard–
Needleman (GTN) yield criteria expressed in terms of peridynamic
variables in order to describe plastic yielding is used. Generally, the
constitutive expressions for the yield function, the plastic flow rule,
kinetic law of damage evolution and irradiation hardening are ex-
pressed in terms of the basic peridynamic variables. Ion irradiations
have been carried out using the broad ions fluence range to obtain
materials with a wide range of damage level. The defects induced
16
by ion irradiation in the austenitic stainless steel have been investi-
gated by using the nano-indentation technique. Numerical simulations
using well-calibrated constitutive models present the characterization
of ductile porosity in the ion irradiated material subjected to plastic
deformation during indentation tests. The peridynamics constitutive
model based on the equation of motion, the integral equation without
spatial derivatives, is valid, especially for materials with discontinuities
like nano/micro voids, nano/micro inclusions and cracks. Due to this
reason, the developed peridynamic model gives a better description of
the irradiated components subjected to mechanical loads than models
developed in the framework of CDM. Moreover, one of the major
drawbacks of the Gurson model is the reduction of porosity due to the
compressive process. The voids evolve and might become converted to
some sort of micro-cracks when the continuum is overloaded. In the
proposed peridynamic model, this problem is corrected.

Finally, several new elements contained in the present paper can be
summarized in the following way:

• formulation of the constitutive model with radiation induced
damage evolution within the framework of peridynamics theory
(PD), from consideration of the physical mechanisms that are
involved in plastic flow processes

• defining peridynamic porosity as a new damage variable in peri-
dynamics theory

• proposing new mathematical relation between the radiation dam-
age measure (𝑑𝑝𝑎) and the peridynamic porosity parameter

• defining irradiation hardening controlled by irradiation induced
defects

• developing the numerical code using the C programming lan-
guage based on the mathematical framework of the constitutive
relations

• carrying out two experimental campaigns dedicated to irradiated
materials: ion irradiation in a wide range of damage levels and
nanoindentation tests made on irradiated specimens

• verification of the applicability of GTN yield function expressed in
terms of peridynamic variables to analysis the plastic behaviour
of the irradiated materials

• simulating the deformation process of the ion irradiated mate-
rials numerically during the nanoindentation test employing the
peridynamic elasto-plastic damage model
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Appendix

The numerical integration of the constitutive Eqs. (40) is based on
radial return mapping algorithm for pressure-dependent material model
presented by Aravas [58]. The proposed numerical algorithm has been
modified in order to adapt it to the new peridynamics model. In the
first step of the algorithm, the trial elastic stretch 𝑠𝑒𝑡(𝑘)(𝑗) is computed
assuming that the total stretch increment 𝛥𝑠(𝑘)(𝑗) is elastic

𝑠𝑒𝑡(𝑘)(𝑗) = 𝑠𝑒[𝑛](𝑘)(𝑗) + 𝛥𝑠(𝑘)(𝑗) (43)

where 𝑠𝑒[𝑛](𝑘)(𝑗) is the known elastic stretch from the previous time step
Next, using Eq. (5), the trail elastic dilatation is calculated as

𝜃𝑒𝑡(𝑘) = 𝑑𝛿
𝑁
∑

𝑖=1
(𝑠𝑒𝑡(𝑘)(𝑗))

2
|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗) (44)

Based on the above Eqs. (43), (44), the distortional and dilatation part
of the elastic energy are determined using Eqs. (9) and (10) as

𝑊 𝜅𝑡
(𝑘) = 𝑎𝜅 (𝜃𝑒𝑡(𝑘))

2 𝑊 𝜇𝑡
(𝑘) = 𝑏

𝑁
∑

𝑗=1
𝛿(𝑠𝑒𝑡(𝑘)(𝑗))

2
|𝐱(𝑗) − 𝐱(𝑘)|𝑉(𝑗) − 𝑎𝜇(𝜃𝑒𝑡(𝑘))

2 (45)

Finally, the trial hydrostatic pressure 𝑝𝑡(𝑘) and the trial equivalent HMH
stress 𝑞𝑡(𝑘) are calculated using Eq. (45)

𝑞𝑡(𝑘) =
√

6𝜇𝑊 𝜇𝑡
(𝑘), 𝑝𝑡(𝑘) =

√

2𝜅𝑎𝜅𝜃𝑒𝑡(𝑘) (46)

ubstituting Eq. (46) into the yield condition (Eq. (16)) one obtains

𝑡
(𝑘) =

(

𝑞𝑡(𝑘)
𝜎𝑦(𝑘)

)2

+ 2𝑞1𝑓 cosh

(

3𝑞2𝑝𝑡(𝑘)
2𝜎𝑦(𝑘)

)

− (1 + 𝑞3𝑓
2) (47)

If the yield condition is not reached 𝐹 𝑡
(𝑘) < 0, the current step is

onsidered to be elastic. Otherwise, the force density vector is calcu-
ated according to Eq. (11) and the numerical procedure is finished.
n the case of the plastic step, an iterative method to obtain a plastic
orrection is needed.

Splitting the increment of total stretch into elastic and plastic part,

𝑠(𝑘)(𝑗) = 𝛥𝑠𝑒(𝑘)(𝑗) + 𝛥𝑠𝑝(𝑘)(𝑗) (48)

nd similarly, the total increment of dilatation,

𝜃(𝑘) = 𝛥𝜃𝑒(𝑘) + 𝛥𝜃𝑝(𝑘) (49)

he trial force density based on Hooke’s law is obtained as

(𝑘)(𝑗) = 𝑡𝑒𝑡(𝑘)(𝑗) −
[

(𝑎𝜅 − 𝑎𝜇)2𝛿𝑑
𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
𝛥𝜃𝑝(𝑘) + 2𝛿𝑏𝛥𝑠𝑝(𝑘)(𝑗)

]

(50)

Eq. (50) can be split into two orthogonal state expressed in the follow-
ing form

𝑡𝜇(𝑘)(𝑗) = 𝑡𝑒𝑡𝜇(𝑘)(𝑗) + 𝑎𝜇2𝛿𝑑
𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
𝛥𝜃𝑝(𝑘) − 2𝛿𝑏𝛥𝑠𝑝(𝑘)(𝑗) (51)

𝑡𝜅(𝑘)(𝑗) = 𝑡𝑒𝑡𝜅(𝑘)(𝑗) − 𝑎𝜅2𝛿𝑑
𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
𝛥𝜃𝑝(𝑘) (52)

The incremental plastic dilatation 𝛥𝜃𝑝(𝑘) can be written using Eq. (5) as

𝛥𝜃𝑝(𝑘) = 𝑑𝛿
𝑁
∑

𝑖=1
𝛥𝑠𝑝(𝑘)(𝑗)𝛬(𝑘)(𝑗)𝑉(𝑗) (53)

Eq. (52) can be simplified by substituting Eq. (13)

𝜃(𝑘) = 𝜃𝑒𝑡(𝑘) − 𝛥𝜃𝑝(𝑘) (54)

The incremental plastic dilatation can be rewritten by substituting
Eq. (25) into Eq. (53)

𝛥𝜃𝑝(𝑘) = 𝑑𝛿
𝑁
∑ 1

𝑉

[

𝛥𝑠𝑝𝑝(𝑘)
𝜕𝑝(𝑘)
𝜕𝑡

+ 𝛥𝑠𝑝𝑞(𝑘)
𝜕𝑞(𝑘)
𝜕𝑡

]

𝛬(𝑘)(𝑗)𝑉(𝑗) (55)
17

𝑗=1 (𝑗) (𝑘)(𝑗) (𝑘)(𝑗) 𝛥
After some algebraic manipulation and noting that plastic dilatation is
not dependent on distortion state, Eq. (55) can be expressed as

𝛥𝜃𝑝(𝑘) = 𝑑𝛿𝛥𝑠𝑝𝑝(𝑘)

𝑁
∑

𝑗=1

𝜕𝑝(𝑘)
𝜕𝑡(𝑘)(𝑗)

𝛬(𝑘)(𝑗) (56)

aving all variables dependent on the two unknowns 𝛥𝑠𝑝𝑝(𝑘) and 𝛥𝑠𝑝𝑞(𝑘),
he system of nonlinear equations (40) is solved using Newton method.
he main steps of this method are shown below. In the first step the

nitial values of unknown variables are assumed to be equal zero

𝑠𝑝𝑝(𝑘) = 0, 𝛥𝑠𝑝𝑞(𝑘) = 0 (57)

ext the values of pressure, equivalent HMH stress and dilatation are
alculated from the trial state

(𝑘) = 𝑝𝑡(𝑘), 𝑞(𝑘) = 𝑞𝑡(𝑘), 𝜃(𝑘) = 𝜃𝑡(𝑘) (58)

he derivative of the equivalent HMH stress with respect to the force
ensity vector is computed as

𝜕𝑞(𝑘)
𝜕𝑡(𝑘)(𝑗)

=
𝜕𝑞(𝑘)
𝜕𝑡𝜇(𝑘)(𝑗)

=
𝜕𝑞(𝑘)
𝜕𝑊 𝜇

(𝑘)

𝜕𝑊 𝜇
(𝑘)

𝜕𝑡𝜇(𝑘)(𝑗)
(59)

where
𝜕𝑞(𝑘)
𝜕𝑊 𝜇

(𝑘)

=
6𝜇

2
√

6𝜇𝑊 𝜇
(𝑘)

(60)

nd
𝜕𝑊 𝜇

(𝑘)

𝜕𝑡𝜇(𝑘)(𝑗)
=
[

1
2𝛿𝑏

|𝐱(𝑗) − 𝐱(𝑘)|𝑡(𝑘)(𝑗) +
𝑑
𝑏
𝑎𝜇

(

1 −
𝑎𝜅
𝑎𝜇

)

𝛬(𝑘)(𝑗)𝜃(𝑘)

]

𝑉(𝑗) (61)

Following the approach presented by Aravas [58], it is assumed that
the derivative of the equivalent HMH stress with respect to the force
density vector is equal to the same derivatives taken form trial state

𝜕𝑞(𝑘)
𝜕𝑡(𝑘)(𝑗)

=
𝜕𝑞𝑡(𝑘)
𝜕𝑡𝑡(𝑘)(𝑗)

(62)

ext, the derivative of the pressure with respect to the force density
ector is calculated
𝜕𝑝(𝑘)
𝜕𝑡(𝑘)(𝑗)

=
𝜕𝑝(𝑘)
𝜕𝑡𝜅(𝑘)(𝑗)

=
√

2𝜅𝑎𝜅
|𝐱(𝑗) − 𝐱(𝑘)|
2𝛿𝑎𝜅𝑑𝛬(𝑘)(𝑗)

(63)

he above expression is computed outside the Newton iteration loop
ecause it is independent on the unknown variables. The following
erivative has to be calculated inside the Newton loop.

𝜕𝐹(𝑘)

𝜕𝑝(𝑘)
= 2𝑞1𝑓(𝑘) sinh

(

3𝑞2𝑝(𝑘)
2𝜎𝑦(𝑘)

)

3𝑞2
2𝜎𝑦(𝑘)

(64)

nd
𝜕𝐹(𝑘)

𝜕𝑞(𝑘)
=

2𝑞(𝑘)
(𝜎𝑦(𝑘))

2
(65)

Finally, the values of two non-linear equations are computed

𝜙1 = 𝛥𝑠𝑝𝑝(𝑘)
𝜕𝐹(𝑘)

𝜕𝑞(𝑘)
− 𝛥𝑠𝑝𝑞(𝑘)

𝜕𝐹(𝑘)

𝜕𝑝(𝑘)
(66)

and

𝜙2 = 𝐹(𝑘)(𝛥𝑠
𝑝𝑝
(𝑘), 𝛥𝑠

𝑝𝑞
(𝑘)) (67)

f the values of two above equations are close to zero, then the Newton
teration loop is finished. Otherwise, the Jacobian matrix 𝐉 is calculated
nd the increment of unknown variables can be obtained using matrix
otation

−1
𝐝 = 𝐉 𝐅 (68)



International Journal of Mechanical Sciences 237 (2023) 107806M. Nowak et al.

w

R

where

𝐉 =

⎡

⎢

⎢

⎢

⎣

𝜕𝜙1
𝜕𝛥𝑠𝑝𝑝(𝑘)

𝜕𝜙1
𝜕𝛥𝑠𝑝𝑞(𝑘)

𝜕𝜙2
𝜕𝛥𝑠𝑝𝑝(𝑘)

𝜕𝜙2
𝜕𝛥𝑠𝑝𝑞(𝑘)

⎤

⎥

⎥

⎥

⎦

, 𝐅 =
⎡

⎢

⎢

⎣

−𝜙1(𝛥𝑠
𝑝𝑝
(𝑘), 𝛥𝑠

𝑝𝑞
(𝑘))

−𝜙2(𝛥𝑠
𝑝𝑝
(𝑘), 𝛥𝑠

𝑝𝑞
(𝑘))

⎤

⎥

⎥

⎦

, 𝛥𝐝 =
⎡

⎢

⎢

⎣

𝑑𝛥𝑠𝑝𝑝(𝑘)

𝑑𝛥𝑠𝑝𝑞(𝑘)

⎤

⎥

⎥

⎦

(69)

Finally the value of the new increment of the unknowns variables is
calculated using the following form

𝐝𝑛+1 = 𝐝𝑛 + 𝛥𝐝. (70)

If the norm of vector 𝐅 is close to the assumed tolerance, the New-
ton method is finished and the obtained values are used to evaluate
the force vector state. In order to calculate the Jacobian matrix the
following derivatives with respect to unknowns variables have to be
determined

𝜕𝜙1

𝜕𝛥𝑠𝑝𝑝(𝑘)
=

𝜕𝐹(𝑘)

𝜕𝑞(𝑘)
− 𝛥𝑠𝑝𝑞(𝑘)

𝜕2𝐹(𝑘)

𝜕𝑝2(𝑘)

𝜕𝑝𝑘
𝜕𝛥𝑠𝑝𝑝(𝑘)

(71)

𝜕𝜙1

𝜕𝛥𝑠𝑝𝑞(𝑘)
= 𝛥𝑠𝑝𝑝(𝑘)

𝜕2𝐹(𝑘)

𝜕𝑞2(𝑘)

𝜕𝑞𝑘
𝜕𝛥𝑠𝑝𝑞(𝑘)

−
𝜕𝐹(𝑘)

𝜕𝑝(𝑘)
(72)

𝜕𝜙2

𝜕𝛥𝑠𝑝𝑝(𝑘)
=

𝜕𝐹(𝑘)

𝜕𝑝(𝑘)

𝜕𝑝(𝑘)
𝜕𝛥𝑠𝑝𝑝(𝑘)

(73)

𝜕𝜙2

𝜕𝛥𝑠𝑝𝑞(𝑘)
=

𝜕𝐹(𝑘)

𝜕𝑞(𝑘)

𝜕𝑞(𝑘)
𝜕𝛥𝑠𝑝𝑞(𝑘)

(74)

here

𝜕2𝐹(𝑘)

𝜕𝑝2(𝑘)
= 2𝑞1𝑓(𝑘) cosh

(

3𝑞2𝑝(𝑘)
2𝜎𝑦(𝑘)

)(

3𝑞2
2𝜎𝑦(𝑘)

)2

(75)

𝜕2𝐹(𝑘)

𝜕𝑞2(𝑘)
= 2

(𝜎𝑦(𝑘))
2

(76)

𝜕𝑞(𝑘)
𝜕𝛥𝑠𝑝𝑞(𝑘)

=
𝜕𝑞(𝑘)
𝜕𝑡𝜇(𝑘)(𝑗)

𝜕𝑡𝜇(𝑘)(𝑗)
𝜕𝛥𝑠𝑝(𝑘)(𝑗)

𝜕𝛥𝑠𝑝(𝑘)(𝑗)
𝜕𝛥𝑠𝑝𝑞(𝑘)

𝜕𝑝(𝑘)
𝜕𝛥𝑠𝑝𝑝(𝑘)

=
𝜕𝑝(𝑘)
𝜕𝑡𝜅(𝑘)(𝑗)

𝜕𝑡𝜅(𝑘)(𝑗)
𝜕𝛥𝜃𝑝(𝑘)

𝜕𝜃𝑝(𝑘)
𝜕𝛥𝑠𝑝(𝑘)(𝑗)

𝜕𝛥𝑠𝑝(𝑘)(𝑗)
𝜕𝛥𝑠𝑝𝑝(𝑘)

(77)

𝜕𝑡𝜇(𝑘)(𝑗)
𝜕𝛥𝑠𝑝(𝑘)(𝑗)

= −2𝛿𝑏 (78)

𝜕𝑡𝜅(𝑘)(𝑗)
𝜕𝛥𝜃𝑝(𝑘)

= −𝑎𝜅2𝛿𝑑
𝛬(𝑘)(𝑗)

|𝐱(𝑗) − 𝐱(𝑘)|
(79)

𝜕𝛥𝑠𝑝(𝑘)(𝑗)
𝜕𝛥𝑠𝑝𝑝(𝑘)

= 1
𝑉(𝑗)

𝜕𝑝(𝑘)
𝜕𝑡(𝑘)(𝑗)

(80)

𝜕𝛥𝑠𝑝(𝑘)(𝑗)
𝜕𝛥𝑠𝑝𝑞(𝑘)

= 1
𝑉(𝑗)

𝜕𝑞(𝑘)
𝜕𝑡(𝑘)(𝑗)

(81)

𝜕𝜃𝑝(𝑘)
𝜕𝛥𝑠𝑝(𝑘)(𝑗)

= 𝑑𝛿𝛬(𝑘)(𝑗)𝑉(𝑗) (82)
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